Approximation methods based on the systematic expansions of the modulating function are presented for potential scattering. It is shown that three types of the systematic methods, which are related to the eikonal type approximations, can be developed. These three expansions are expected to give the excell.ent approximations for the respective ranges of forward, backward and intermediate scattering angles at high energies. The functional integral representations for various propagators are given in closed form on the basis of the method proposed by Fradkin. The relations among systematic expansions and an approximation method for the functional integral are illustrated. § I. Introduction
to the scattering problems In view of these successes, many authors have sought to modify the approxinntions so as to extend its applicability to large scattering angles at high energies. Several improved forms, which are valid for large angles, ha,·e been proposed by several authors. 1 l For example, in their papers, Chen and Hoock 2 > presented an interesting formula for a description of high energy scattering by a potential at a fixed large angle, and they hav·e shown that their formula works remarkably well for a fairly large angle of scattering by exponential potentials. It will be v<.corth while to develop more generally systematic approximation techniques for obtaining scattering amplitudes which include the Chen-Hoock representation as a fint order correction to the Glauber amplitude.
'vVe would like to propose, here, high energy approximation methods for the potential scattering on the basis of systematic expansions of modulating function.
For these purposes, we deri,,-e an integral equation for the modulating function with an inhomogeneous term which expresses the eikonal type propagation along any direction inside the potential. By applying an iteration procedures to this integral equation, the expansion of the modulating function is classified as the three types of series with the relevant propagators. The first type (eikonal-type) of these expansions, which emphasized a particle-like picture, works well for forward scattering angles and has been widely discussed in Ref. 3) , so that in this paper, we shall consider the other two types of the expansions. First, we shall introduce longitudinal (eikonal-type) and transverse (Fresnel-type 5 l) approximations for the propagator. It is shown that a propagator which expresses propagation to backward direction can be constructed from the longitudinal approximation and the Chen-Hoock formula is also derived from this approximation. We shall refer it to the second type expansion. Moreover, we shall show that a propagator in the transverse approximation coincides with the Fresnel propagator discussed by Gottfried, 5 ) and Frahn and Schurmann. 6 ) The third type of the expansion is expected to give excellent approximation for intermediate scattering angles. In order to investigate the validity of this expansion, the numerical calculations are carried out for square-well potentials.
In § 2 we shall deal with the formal aspects of the integral equation for the modulating function. It is shown that various types of formal solutions of the integral equation can be obtained by iteration methods. In § 3 we shall apply the functional integration method to represent various propagators in closed forms.
It is shown that the procedures developed in § 2 lead to physical pictures which correspond to the eikonal type and the Fresnel type approximations. We shall also show that, in the second type of the expansions, Chen and Hoock's result can be obtained from the first order approximation for the modulating function in the longitudinal approximation. The results of numerical calculations for the third type approximation are also shown in § 3. The relations among the systematic approximation methods developed in § 2 and an approximation method for the functional integral representation are discussed in § 4. Some comments for the Rytov expansion 15 ) of the modulating function are also given . § 2. Formalism
In earlier papers, 3 l,sl the modulating operator formulation of eikonal approximation was proposed. For completeness, we shall begin with a brief review of the formalism developed in Ref. 3) . Let us consider a projectile of mass m scattered by a local potential V with an initial momentum k, and a final momentum k 1 . *) Our formalism is based upon to introduce the modulating operator ¢/+\ which is defined from the solution 1J!<+l of the Lippmann-Schwinger operator equation, 3 ) by the relation
where ([)<+l is the operator corresponding to the plane wave in initial state. It can be shown that the modulating operator ¢<+l satisfies the following integral equation: where (/J<-l is the operator corresponding to the plane wave of final stateY Here we have introduced the standard bra < and ket ) with the properties <rl) = < lr) = 1 and p)=<p=0. 3 J For our purposes, we shall now rewrite Eq. (2 · 2) into the integral equation with the inhomogeneous term which expresses propagation of the particle along a straight line path with an arbitrary direction inside potential. In fact, we have the integral equation for the modulating operator ¢<+ 1 without any approximations:
where Vm is an arbitrary velocity of the particle and the inhomogeneous term 
Vm·p+ V -ze 
It is, here, noted that the relation between ¢a<+l) and r/Jm <+l) can easily be found from Eqs. (2 · 7b) and (2 · Sb) to be
For the sake of simplicity, we shall hereafter treat only the type of solution (2·S). We shall now consider three types of approximation methods for rp<+l), 
The systematic approximation methods for the scattering amplitude based on this expansion of ¢<~)) were discussed in somewhat detail in Ref.
3). The second type is based on the following expansion of Eq. (2 ·Sa):
*l The original Glauber approximation will work well for all scattering angles as the energy goes to infinity. "l It will be possible to develop similar arguments on systematic approximation pro cedures for this case to those in Ref. 3) . The argument on the convergence of this expansion is almost the same as the Born series expansion. *J We shall not, however, go into any further details for it here.
The third type of expansion of ¢<+l) can be obtained from Eq. (2·8a) in the form of a power expansion of (vi· p),
We may expect that the expansion (2 ·15) gives an excellent approximation method for the scattering amplitude in the range of scattering angles for which (vi·p) can be regarded as small operator, that is, the transverse direction.
Now we proceed to write down explicitly the first few terms in these expressions (2·11), (2·13) and (2·15). The first order approximations for ¢<+l) will be given in the respective forms and
In obtaining Eq. 
which is, of course, obtained from Eq. -vt') ]. This is an analogous situation to that in geometrical optics. Accordingly, the use of the propagator (r [g(v·p) [r'), in the expansion of the modulating function, may correspond to an emphasis of a particle-like picture of a scattering wave.
On the other hand, the propagator (r[h(v·p)r') can be obtained from Eq. The expression (3·5) tells us that the propagator <rlh(v·p) lr') can be expressed as a functional average of the deviation from a straight line path in the incident direction. Thus the propagator <rlh(v·p) lr') may correspond to the description in a wave-like picture, according to Feynman's path integral formulation of the quantum mechanics.n Here, it should be noted that an eikonal propagator for free particle is obtained by the relation
from which we see that p 2 /2m-term in h(v·p) and on the left-hand side of Eq.
(3 ·1) concerns the quantum mechanical wave nature.
In order to clarify the physical meaning of h ( v · p) , we shall now rewrite the propagator (3 · 5) in terms of the parametric integral 
where J 0 1s the Bessel function of zeroth order, and
We assume here that the distance over which the potential changes by an ilp- In this case, we find that
m which the step function 0 (z-z') and 8 (z'-z) restrict propagations to the forward and backward directions, respectively. On the other hand, for the momentum such that P, 2 /2k<!(p, we get
T. L"ldachi and T. Inaga/::i (r[h(v·p) [r')= (-i) (}(z-z')t(b, b'[z-z'),
We shall refer to Eq. (3 ·16b) as a trans\·erse approximation. The expressiOn (3 ·16b) is essentially the Fresnel Green function discussed by Fralm and Schi.irmann.61 Further discussion is given by Matsuki 161 and Ishiharam in somewhat different ways.
We shall now consider the physical meaning of the opera tor it is found to be
It is clear that this corresponds to the propagation to the backward direction.
It should be noted that this property is contrast to the fact that the propagator (r [g(v·p) [r') is closely related to the forward propagation, as we can see from Eq. (3 · 4) by rewriting it into the form <ria Cv. 
X food 3 r't(b, b'Jz-z')¢a<+>(r'). (3·24)
It is interesting to note that the first term in Eq. (3 · 24) IS just the Glauber amplitude for small-angle scattering. The second term can be understood as a correction term of the Fresnel type to the Glauber amplitude. The Fresnel diffraction effects were first pointed out by Gottfried 5 > in a study of high energy scattering from deutrium.
We now wish to express the scattering amplitude in terms of modulating function in the third-type approximation. To do this, for example, we shall need the explicit form of ¢/+> (r). From Eqs. (2·19b) and (3 · 20) , it can be shown that the modulating function ¢/+> (r) can simply be written in the renormalized form of (3. 25) where the renormalization factor A (r) is defined by A(r) = -cf;(r)/(1-cj;(r)), 
T. Adachi and T. Inagaki
The Yalidity of this approximation is, o£ course, restricted by the co;1dition I~J (r) I <1. The higher order approximations for rj/~1 (r) can be obtained by similar procedures, but we shall not go further to discuss it here. The numerical calculations   10°,----------------------- Fig. 2(b) . The real part of the :scattering amplitude of Fig. 2(a) . Here, it is interesting to know how to properly approximate the functional average ( 4 · 1) in order to get the eikonal type and the Fresnel type approximations. For these purposes, it will be convenient to make use of the following identity proposed by Barbashov : 11 l
T . .L1dachi and T. Inagaki
m which F[ r J is an arbitrary functional of r. In our discussion, the functional will be given by
The functional average (F[ T]) Cool can be evaluated by similar procedure for obtaining Eq. (3 · 7) from Eq. (3 · 5). The result is
where \Ve have used Eq. (3 · 7). 
The zeroth order approximation of cj/ J (r), for example, can be defined by ( and so on.
It should be noted that the coefficient Xn in the Rytov expantion coincides with the term of the n-th order in the expansion ( 4 · 2) only up to n = 3, and for the coefficients higher th<,n n = 4, the coincidence cannot be obtained by the sequent manner.
In Figs. 1, 2 and 3 , we have shown that the amplitude (FI) resulting from Eq. (3 · 28) gives an appropriate correction to the Glauber amplitude (Fa) for a range of intermediate angles, and that, in the case of kiR = 20 (Fig. 3) , the sea ttering concentrate on forward angles, which is the characteristic features of the high energy behaviour, the corrections are much smaller than in the cases of kiR = 5 ( Figs. 1 and 2 ), which indicates that the original Glauber amplitude becomes better at all scattering angles as the energy goes to infinity. 
